In this paper, we first establish collective fixed points theorems for a family of multivalued maps with or without assuming that the product of these multivalued maps is Φ-condensing. As an application of our collective fixed points theorem, we derive the coincidence theorem for two families of multivalued maps defined on product spaces. Then we give some existence results for maximal elements for a family of L S -majorized multivalued maps whose product is Φ-condensing. We also prove some existence results for maximal elements for a family of multivalued maps which are not L S -majorized but their product is Φ-condensing. As applications of our results, some existence results for equilibria of abstract economies are also derived. The results of this paper are more general than those given in the literature.  2004 Elsevier Inc. All rights reserved.
Introduction
In the last decade, the theory of fixed points and maximal elements for a family of multivalued maps defined on a product space has been investigated by many authors, see for example [1, 2, [4] [5] [6] [10] [11] [12] 19] and references therein. It has many applications in abstract economies, nonlinear analysis and other branches of mathematics.
In 1990, Mehta [14] used the Kuratowski measure of noncompactness to prove the existence of maximal elements for condensing preferences defined on a closed, bounded and convex subset of a Banach space. Chebli and Florenzano [4] established the maximal element theorems for Φ-condensing and L-majorized multivalued maps defined in a Hausdorff locally convex topological vector space.
In this paper, we first establish some collective fixed points theorems for a family of multivalued maps with or without assuming that the product of these multivalued maps is Φ-condensing. As an application of our collective fixed points theorems, we derive a coincidence theorem for two families of multivalued maps defined on product spaces. Secondly, we establish some existence results for maximal elements of a family of L S -majorized multivalued maps whose product is Φ-condensing. We also prove some existence theorems for maximal elements of a family of multivalued maps which are not L S -majorized but their product is Φ-condensing. Our definition of L S -majorized multivalued maps is more general than the one given in [6] and therefore our results also more general than those given in [6] . As applications of our results, some existence results for equilibria of abstract economies are also derived. The results of this paper are more general than those given in the literature. Further applications of the results of this paper to the systems of generalized vector quasi-equilibrium problems are under consideration in the next paper. Let X and Y be topological spaces and T : X → 2 Y a multivalued map. Then T is said to be transfer compactly open valued (respectively, transfer open valued) on X (see [7] ) if for every x ∈ X, y ∈ T (x), there exists a pointx ∈ X such that y ∈ cint T (x) (respectively, y ∈ int T (x)). T is said to be compact if T (X) is compact.
Preliminaries
Throughout this paper, all topological spaces are assumed to be Hausdorff. 
Following the same argument as in Lemma 5.1 [8] , we have the following result.
Lemma 2.3. Let X be a topological space, Y a topological vector space and G
Definition 2.1. Let X be a topological space. For each i ∈ I , let Y i be a nonempty convex subset of a topological vector space
where y i is the ith projection of y,
We shall denote by M S (X, Y i ) i∈I (respectively, L S (X, Y i ) i∈I ) the set of families
In the case X = i∈I X i and Y i = X i and the map S = I X the identity mapping on X, 
for all x ∈ X and for each i ∈ I . Definition 2.2 [9] . Let E be a topological vector space and let C be a lattice with a mini- Definition 2.3 [9] . Let E be a topological vector space, X ⊆ E, and let Φ be a measure of noncompactness on E. A multivalued map (correspondence) T :
Remark 2.2. Note that every multivalued map defined on a compact set is Φ-condensing for any measure of noncompactness Φ. If E is locally convex, then a compact multivalued map (i.e., T (X) is precompact) is Φ-condensing for any measure of noncompactness Φ.
Lemma 2.5 [14] . Let X be a nonempty, closed and convex subset of a topological vector space E. Let Φ be a measure of noncompactness on X and let T : X → 2 X be a Φ-condensing multivalued map. Then there exists a nonempty compact convex subset K of X such that T (K) ⊆ K. Remark 2.3. In [14] , E is assumed to be a locally convex topological vector space, but Lemma 2.4 is true for any topological vector space as we can see in the proof.
Collective fixed points theorems
The following collective fixed points theorem is one of the main results of this paper. 
Proof. Since P i (x) is nonempty for all x ∈ X and for each i ∈ I , we have
for each i ∈ I and so
By (3.2) and (3.3), we get X = {P
Since L M is compact, for each i ∈ I , there exists a finite set N i = {y
Since L M is compact, there also exists a continuous partition of unity {β
where e (j ) i is the j th unit vector in R n i +1 and ∆ n i denotes the standard n i -simplex.
where co H i = co {y
0 for all i ∈ I and 1 j n i + 1 and
For each i ∈ I , let E i be the finite dimensional vector space containing ∆ n i and let C = i∈I ∆ n i . Then C is a compact convex subset of the locally convex Hausdorff topological vector space. Let G : C → L M be defined by
where z i is the ith projection of z. Let Ψ : L M → C be defined by
As a simple consequence of Theorem 3.1, we have the following result. 
Proof. By condition (b) for each i ∈ I and for all x ∈ X, there exists y i ∈ Y i such that
For each i ∈ I and for all x ∈ X, define a multivalued map
is compactly open. Again by condition (b), for each i ∈ I and for all x ∈ X, F i (x) is nonempty and co 
i (y i ) contains compactly open subset O y i (may be empty) of X and
X = {O y i : y i ∈ Y i }. (c) If X is not compact, then there exist a nonempty compact subset K of X and a non- empty compact convex subset D i of Y i for each i ∈ I such that for all x ∈ X\K, there existsỹ i ∈ D i such that x ∈ Oỹ i for all i ∈ I . Then there existsȳ = (ȳ i ) i∈I ∈ Y such thatȳ i ∈ Q i (S(ȳ)) for all i ∈ I .
Proof. By condition (b), we have for each i
By condition (c) for each x ∈ X\K, there existsỹ i ∈ D i such that x ∈ Oỹ i ⊆ cint P 
Proof. By condition (b),
Therefore X = {cint P −1 i (y i ): y i ∈ Y i } and hence the conclusion follows from Corollary 3.1. 2
Next we shall establish a collective fixed points theorem for a family of multivalued maps whose product is Φ-condensing. Theorem 3.2. For each i ∈ I , let X i be a nonempty closed convex subset of a topological vector space E i . Let X = i∈I X i and let Φ be a measure of noncompactness on E = i∈I E i . For each i ∈ I , let P i , Q i : X → 2 X i be multivalued maps satisfying the following conditions:
Proof. Since for each i ∈ I , X i is a nonempty closed convex subset of E i , we have X = i∈I X i is a nonempty closed convex subset of E = i∈I E i . Since Q : X → 2 X is Φ-condensing, it follows from Lemma 2.5 that there exists a nonempty compact convex subset K of X such that Q(K) ⊆ K. Let K = i∈I K i , where K i is the ith projection of K. Then K i is a compact convex subset of X i and for each x ∈ K, co P i (x) ⊆ Q i (x) ⊆ K i and the conclusion follows from Corollary 3.1. 2 Remark 3.6. Theorem 3.2 along with Lemma 2.2 generalizes Theorem 1 in [12] .
As an application of Corollary 3.1, we have the following coincidence theorem for two families of multivalued maps defined on product spaces. 
Proof. We follow the argument of Theorem 10 in [6] .
Then all the conditions of Corollary 3.1 are satisfied and it follows that there exists 
Maximal elements for a family of multivalued maps
We recall that a point x ∈ X is a maximal element of a multivalued map T from a topological space X to another topological space Y if T (x) = ∅.
For each i ∈ I , Let X i be a nonempty subset of a topological space E i and T i : X = i∈I X i → 2 X i a multivalued map. Then a point x = (x i ) i∈I ∈ X is called a maximal element for the family of multivalued maps
In the recent past the existence theorems for a maximal element for a family of multivalued maps have been used to prove the existence of a solution of system of variational inequalities and system of equilibrium problems, see for example [2, [10] [11] [12] 19] and references therein. It can be easily seen that the maximal elements theory for the family of multivalued maps is useful to study the following qualitative game.
A qualitative game is a family Γ = (X i , P i ) i∈I of ordered pairs (X i , P i ) where for each i ∈ I , X i is a topological space and P i : X = i∈I X i → 2 X i is an irreflexive preference correspondence, that is, x i / ∈ P i (x) for all x ∈ X. A point x ∈ X is said to be an equilibrium point of the qualitative game Γ if P i (x) = for all i ∈ I .
For further detail on qualitative games, we refer to [19] and reference therein. We establish the following proposition which plays an important role throughout this section. 
Following the argument of proof of Theorem 8 in [6] , we have the following result. Remark 4.1. Since our definition of M S (X, Y i ) i∈I is more general than the one given in [6] , Theorem 4.1 generalizes Theorem 8 in [6] .
As a particular case of above theorem, we have the following result. 
Then there existsx ∈ X such that Q i (x) = ∅ for all i ∈ I . Proof. Since for each i ∈ I , X i is a nonempty closed convex subset of E i , we have X = i∈I X i is a nonempty closed convex subset of E. Since Q : X → 2 X is Φ-condensing, it follows from Lemma 2.5 that there exists a nonempty compact convex subset K of X such that Q(K) ⊆ K. Since K is compact, K is regular and paracompact. By condition (a), {Q i } i∈I ∈ M(X, X i ) i∈I and it is easy to see that 
Corollary 4.2. For each i ∈ I , let X i be a nonempty closed convex subset of a topological vector space
E i . Let X = i∈I X i , {Q i } i∈I ∈ L
(X, X i ) i∈I and let Φ be a measure of noncompactness on E = i∈I E i . Suppose that the multivalued map
Proof. Suppose that the conclusion of this theorem is not true. Then for every x ∈ X, there exists j x ∈ I such that Q j x (x) = ∅. For each i ∈ I , let F i : X → 2 X i be defined as
and Q : X → 2 X is Φ-condensing, it follows that F : X → 2 X is also Φ-condensing, where F (x) = i∈I F i (x) for all x ∈ X. Then by Theorem 4.2 that there existsx ∈ X such that F i (x) = ∅ for all i ∈ I .
On the other hand, there exists jx ∈ I such that Q jx (x) = ∅. Then by (b), there exists y jx ∈ X jx such thatx ∈ cint Q −1 jx (y jx ). This shows that y jx ∈ F jx (x) = ∅ which leads to a contradiction. Hence our supposition is wrong. 2 (ii) If I is a singleton set, then Corollary 4.3 reduces to Corollary 2 in [12] .
Following the argument of proof of Theorem 7 in [6] , we have the following result which generalizes Theorem 7 in [6] . 
As a simple consequence of Theorem 4.4, we have the following existence results for maximal elements. 
Then there existsx
Proof. Suppose that the conclusion is false. Then for each x ∈ X, there exists j [11] in the way that the condition "for each x ∈ X, I (x) = {i ∈ I : S i (x) = ∅} is finite" is not considered in Corollary 5.2.
Equilibria of abstract economies
Let I be a any (finite or infinite) set of agents. An abstract economy is defined as a family of order quadruples Γ = (X i , A i , B i , P i ) i∈I where for each i ∈ I , X i is a topological space, A i , B i : X = i∈I → 2 X i are constraint correspondences and P i : X → 2 X i is a preference correspondence. An equilibrium for Γ is a pointx ∈ X such that for each i ∈ I ,x i ∈ cl B i (x) and A i (x)∩P i (x) = ∅. When A i = B i for all i ∈ I , above definitions of an abstract economy and an equilibrium coincide with the standard definitions, for example in [3] or in [18] . 
Proof. Since A is Φ-condensing, it follows from Lemma 2.45 that there exists a compact
Let the multivalued map Q i : K → 2 K i be defined as
where K i is the ith projection of K. Since {T i } i∈I ∈ L(K, X i ) for each i ∈ I and for all x = (x i ) i∈I ∈ X, we have x i / ∈ Q i (x). It is easy to see that
is compactly open in K for each y i ∈ K i and Q i is convex valued multivalued map. Then there existsx = (x i ) i∈I ∈ X such thatx i ∈ cl B i (x) and A i (x) ∩ P i (x) = ∅ for all i ∈ I .
Proof. Since A : X → 2 X is Φ-condensing, it follows from Lemma 2.5 that there exists a nonempty compact convex set K = i∈I K i of X such that A(K) ⊆ K. For each i ∈ I , let F i = {x = (x i ) i∈I ∈ K: x i ∈ cl B i (x)}. Then clearly F i is closed for each i ∈ I . For each i ∈ I , define multivalued maps Q i , T i : X → 2 X i by
and
for all x ∈ X. By condition Since K is compact, T = i∈I T i : K → 2 K is Φ-condensing. It follows from Corollary 4.3 that there existsx = (x i ) i∈I ∈ X such that Q i (x) = ∅ for all i ∈ I . Ifx ∈ K\F j for some j ∈ I , then A j (x) = Q j (x) = ∅ which contradicts with A i (x) is nonempty for all i ∈ I and x ∈ X. Thereforex ∈ F i for all i ∈ I . This shows that x i ∈ cl B i (x) and A i (x) ∩ P i (x) = ∅ for all i ∈ I . 2
